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INFINITESIMAL ASPECTS OF IDEMPOTENTS
IN BANACH ALGEBRAS
DANIEL BELTIT¸A˘ AND JOSE´ E. GALE´
To Jean Esterle
Abstract. We investigate infinitesimal properties of sets of ordered n-uples
of idempotents in a symmetric Banach ∗-algebra. These sets are called flag
manifolds and carry several interesting bundles that hold an important role
in some areas of operator theory. In this direction, we introduce and study
Stiefel bundles on flag manifolds, which are extensions of the well known Stiefel
bundles on Grassmannians. The main ingredient of our investigation is the
notion of connection on an infinite-dimensional bundle, and we survey some
equivalent ocurrences of such a notion in the literature.
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1. Introduction
This paper is written in particular as a way to express our recognition of the im-
portant achievements of Jean Esterle in Mathematics. Among the great variety of
research topics approached by him, there is that one of the geometry/topology asso-
ciated with polynomial path connection in sets of idempotents in Banach algebras,
see [Es83], [EG04], [Gi03], [Tr85]. We wish to contribute to this proceedings volume
in honor of Jean Esterle by pointing out several differential-geometric features that
flag manifolds enjoy. These manifolds are sets of ordered n-uples of idempotents in
Banach algebras, naturally arising in problems related with differential structures
of the functional analysis, operator theory, and particularly in spectral theory; see
for instance [PR87], [MR92], [CPR90], [MS97], [CG99], [ACS01], and the references
therein.
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Flag manifolds carry several interesting bundles that hold an important role
in some areas of operator theory like the theory of reproducing kernels, the non-
commutative spectral theory, or the Cowen-Douglas theory. In this direction, we
introduce here the notion of Stiefel bundle on a flag manifold and study some of
its basic properties. Stiefel bundles on flag manifolds generalize the corresponding
notion defined over the Grassmanian manifold associated with a single idempotent
(see [DG01], [DG02]). We investigate these notions using as a main tool the notion
of connection on a fiber bundle, which is discussed in detail in Section 2.
The theory of connections is of great importance in finite-dimensional differ-
ential and algebraic geometry, as well as in their applications to operator theory,
see for instance [CD78]. As regards the increasingly important geometric infinite-
dimensional setting, there are several different —though equivalent— methods to
introduce connections on Banach and more general bundles. This circle of ideas
is certainly known to many experts in finite-dimensional differential geometry, but
here we discuss it in a self-contained way with a view to some problems in oper-
ator theory, where one must work with infinite-dimensional manifolds modeled on
Banach spaces.
Our present paper is organized as follows. In Section 2 we survey a number of
different definitions of a connection and show how these definitions are related to
each other. We choose to make an exposition in terms of exact sequences of fiber
bundles. We also give some original results, particularly related to the pull-back
operation. Section 3 of this paper is devoted to introducing Stiefel bundles on flag
manifolds associated to symmetric Banach ∗-algebras. After that, using some of
the general methods developed in Section 2, we analyze some basic properties of
Stiefel bundles, including transitive group actions, principal and linear connections
on various bundles on flag manifolds, and related topics.
General conventions and notation. Throughout this paper, by Banach space
we mean a real or complex complete normable vector space E, so we do not as-
sume that any norm on E has been fixed. In this case we denote by B(E) its
corresponding space of continuous linear operators. Unless otherwise mentioned,
by manifold or Banach manifold we mean a smooth manifold modeled on a Ba-
nach space. Smoothness always refers here to Fre´chet differentiability on Banach
spaces. A Banach-Lie group is a Banach manifold G endowed with a group op-
eration (x, y) 7→ xy, that is smooth and for which the inversion x 7→ x−1 is also
smooth. The Lie algebra of G is g := T1G, the tangent space at the unit element
1 ∈ G. This is a Banach space endowed with a Lie bracket [·, ·] : g×g→ g that is in
particular a skew-symmetric bilinear map defined as ∂
∂x
∣∣
x=1
∂
∂y
∣∣
y=1
xyx−1. Thus, if
G = A×, the group of invertible elements in a unital Banach algebra A, then g = A
as Banach spaces, and the Lie bracket on A is the usual commutator [a, b] = ab−ba
for all a, b ∈ A. Basic references for Lie groups, global analysis and differential ge-
ometry in infinite dimensions are [Lr11], [La01], [KM97], and [Up85], but most of
the relevant definitions are collected in Section 2, for the reader’s convenience.
2. Connections on principal and vector bundles
2.1. Connections on fiber bundles. In this paper, by fiber bundle with total
space M and base space Z we mean any smooth map ϕ : M → Z where M and Z
are Banach manifolds.
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We are interested in two types of fiber bundles, the principal bundles and the
vector bundles.
Definition 2.1. Let P and Z be Banach manifolds and G be a Banach-Lie group
with a smooth right action µ : P ×G→ P , (x, g) 7→ µg(x) = µx(g).
A fiber bundle π : P → Z is a principal bundle with structure group G, or
principal G-bundle for short, if the following conditions are satisfied:
(1) The action µ is free, that is, for each x ∈ P the mapping G→ P , g 7→ µg(x)
is injective.
(2) The orbits of µ are the fibers of π, hence
(∀z ∈ Z)(∀x0 ∈ π
−1(z)) π−1(z) = {µg(x0) | g ∈ G}.
(3) The mapping π is a locally trivial bundle with the fiber G. In other words,
every z ∈ Z has an open neighborhood V ⊆ Z such that there exists a
G-equivariant diffeomorphism ψ : π−1(V )→ V ×G with the property that
the diagram
π−1(V )
ψ
−−−−→ V ×G
pi
y y
V
id
−−−−→ V
(2.1)
is commutative.
If G, P , and Z are complex manifolds, the mappings µ and π are holomorphic, and
at every point z ∈ Z the local trivialization ψ can be chosen holomorphic, then we
say that π : P → Z is a holomorphic principal G-bundle.
Remark 2.2. Condition (3) in Definition 2.1 shows that the fibers of π (or, equiva-
lently, the orbits of µ) are submanifolds of P . We also note that the commutativity
of the diagram (2.1) is equivalent to the fact that there exists a smooth mapping
ϕ : π−1(V ) → G such that φ(u) = (π(u), ϕ(u)) and ϕ(µg(u)) = ϕ(u)g for every
g ∈ G and u ∈ π−1(V ).
We say that a fiber bundle ϕ : M → Z is a (real or complex) vector bundle if for
every z ∈ Z the fiber ϕ−1(z) has the structure of a (real or complex) Banach space
and there exist a family of open subsets Vj ⊆ Z, (real or complex) Banach spaces
Ej and diffeomorphisms Ψj : ϕ
−1(Vj) → Vj × Ej for all j ∈ J with the following
properties: First, for every j ∈ J and z ∈ Vj the mapping x 7→ Ψ
−1
j (z, x) is a
linear topological isomorphism of Banach spaces from E onto ϕ−1(z). Second, for
all j, k ∈ J with Vj ∩ Vk 6= ∅ there exists a smooth map χj,k : Vj ∩ Vk → B(Ek, Ej)
with (Ψj ◦ Ψ
−1
k )(z, x) = (z, χjk(z)x) for all x ∈ Ek and z ∈ Vj ∩ Vk. The above
data are called a system of local trivializations of the vector bundle ϕ. Besides the
trivial vector bundles V ×E → V , (z, x) 7→ z, basic examples of vector bundles are
the tangent bundles of smooth manifolds.
To any fiber bundle ϕ : M → Z, one can naturally associate two well known
vector bundle structures of the tangent space TM :
• τM : TM →M , the tangent bundle of the total space M .
• Tϕ : TM → TZ, the tangent map of ϕ.
We take as starting point a definition of connection on a fiber bundle which
provides us with a suitable horizontal distribution.
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Definition 2.3. A connection on the bundle ϕ : M → Z is any smooth mapping
Φ: TM → TM with the following properties:
(i) Φ ◦ Φ = Φ;
(ii) the pair (Φ, idM ) is an endomorphism of the bundle τM : TM →M ;
(iii) for every x ∈ M , if we denote Φx := Φ|TxM : TxM → TxM , then we have
Ran (Φx) = Ker (Txϕ), so that we get an exact sequence
0→ HxM →֒ TxM
Φx−→TxM
Txϕ
−→Tϕ(x)Z → 0.
Here HxM := Ker (Φx) is a closed linear subspace of TxM called the space of
horizontal vectors at x ∈ M . Similarly, the space of vertical vectors at x ∈ M
is VxM := Ker (Txϕ) = Ran (Φx). Then we have the direct sum decomposition
TxM = HxM ⊕ VxM , for every x ∈ M (cf. [KM97, subsect. 37.2]). We denote by
VP the vertical subbundle of TM -which always exists- whose fibers at each x ∈M
are VxM . The existence of the connection Φ defines the horizontal distribution
given by the horizontal subbundle of TM with fibers HxM , x ∈M .
In the special cases of principal or vector bundles one defines:
(1) If π : P → Z is a principal G-bundle then a connection Φ on π : P → Z is
called principal whenever it is G-equivariant, that is,
T (µg) ◦ Φ = Φ ◦ T (µg)
for all g ∈ G (cf. [KM97, subsect. 37.19]).
(2) If Π: D → Z is a vector bundle then a connection Φ on Π: D → Z is
called linear if the pair (Φ, idTZ) is an endomorphism of the vector bundle
TΠ: TD → TZ (i.e., if Φ is linear on the fibers of the bundle TΠ); see
[KM97, subsect. 37.27].
There are different but equivalent notions of connections for principal or vector
infinite-dimensional bundles, which not always are well explained or explicitly indi-
cated in the literature. Next, we show such equivalences in a unified way, through
exact sequences. Our exposition relies on references [El67], [KM97], [La01], [Pe69],
[Va74], among others.
Notation 2.4. We will use the following notation and terminology:
• For any maps α : A→ R and β : B → R we define their fiber product by
A ×
α,R,β
B := {(a, b) ∈ A×B | α(a) = β(b)},
and we define the pull-back of β by α as the map
α∗(β) : A ×
α,R,β
B → A, (a, b) 7→ a.
If no confusion is possible as regards the maps α and β, then we denote
simply
A ×
α,R,β
B = A×
R
B.
See [La01, Ch. II, §2] for a discussion of fiber products of smooth maps.
• If α : E → A and β : F → B are vector bundles and f : E → F and
f˜ : A → B are smooth maps such that the pair (f, f˜) is a morphism of
vector bundles, then we define
f ! : E → A×
B
F, ξ 7→ (α(ξ), f(ξ)).
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So the pair (f !, idA) is a morphism of vector bundles from α : E → A to
f˜∗(β) : A×
B
F → A.
• If G is a Banach-Lie group and α : E → A is a vector bundle endowed with
a smooth action from the right µ : E ×G→ E that maps every fiber of E
onto itself and is fiberwise linear, then we say that α is a vector G-bundle.
A morphism of vector G-bundles is a morphism of vector bundles which is
G-equivariant.
2.2. Principal connections. Let π : P → Z be a principal bundle with the struc-
ture Banach-Lie group G and free action µ : P ×G→ P . The induced action of G
on the tangent manifold TP is defined by the tangent map Tµ, given by
TP ×G→ TP, (v, g) 7→ (Tµg)v.
Let g be the Lie algebra of G. One considers the right action of G on the manifold
P × g defined by
(P × g)×G→ P × g, ((u,X), g) 7→ (µ(u, g),AdG(g
−1)X).
Denote by ι : P × g→ VP ⊂ TP the vector bundle isomorphism defined by the
infinitesimal action of the Lie algebra g of G; that is,
(u,X)
ι
7→(T1µ(u, ·))X = Tu,1µ(0u, X) ∈ VuP ⊂ TuP
([KM97, Th. 37.18(2)]). The vector field u 7→ ι(u,X) is called the fundamental
vector field corresponding to X ∈ g.
Notate for a moment u · g = µ(u, g) for u ∈ P , g ∈ G. Then we have
ι(u,X) · g = ((Tµu)X) · g = TµgTµuX
and
ι ((u,X) · g) = ι
(
(u · g,AdG(g
−1)X)
)
= Tµu·gAdG(g
−1)X = TΘg,u·g(X) = TµgTµuX
where for every h ∈ G,
Θg,u·g(h) = µu·g(g
−1hg) = (u · h) · g = (µg ◦ µu) (h).
The above means that ι is G-equivariant, and hence ι is a morphism of vector
G-bundles between the trivial fiber bundle prP×g1 : P × g → P , (u,X) 7→ u, and
τP : TP → P . Moreover, the map P × g
ι
−→ TP is injective since the G acts freely
on P , and the map TP
(Tpi)!
−→ P ×
pi,Z,τZ
TZ, (Tπ)!(v) := ((τP )(v), T π(v)), ∀v ∈ TP ,
is clearly surjective. Then it follows that the horizontal arrows ι and (Tπ)! of the
commutative diagram
P × g
ι
−−−−→ TP
(Tpi)!
−−−−→ P ×
Z
TZyprP×g1 yτP ypi∗(τZ)
P
idP−−−−→ P
idP−−−−→ P
(2.2)
are G-equivariant, and the upper row of this diagram defines an exact sequence of
vector G-bundles.
In the following theorem, we summarize different approaches to the notion of
connection which are found in the literature. Put q := prP×g2 ◦ ι
−1 : VP → g.
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Theorem 2.5. Let π : P → Z be a principal Banach bundle with structure Banach-
Lie group G and free action µ : P×G→ P . The following assertions are equivalent:
(1) There exists a fiberwise linear and smooth G-equivariant map
χ : P ×
pi,Z,τZ
TZ → TP such that (Tπ)! ◦ χ = idP ×
pi,Z,τZ
TZ .
(2) There exists a morphism of vector G-bundles ψ : TP → P × g such that
ψ ◦ ι = idP×g.
(3) There exists a smooth map ω : TP → g such that
(∀X ∈ g)(∀u ∈ P ) ω(T1(µ(u, ·))X) = X (2.3)
and
(∀g ∈ G) ω ◦ T (µ(·, g)) = AdG(g
−1) ◦ ω. (2.4)
(4) There exists a principal connection Φ on π : P → Z; that is, Φ: TP → VP
is a connection such that
T (µg) ◦ Φ = Φ ◦ T (µg), g ∈ G.
Then, if any of the above points (1)-(4) holds, the relationship between χ, ψ, ω,
Φ is given by
ι ◦ ψ + χ ◦ (Tπ)! = idTP , (2.5)
(∀v ∈ TP ) ψ(v) = (τP (v), ω(v)) ∈ P × g, (2.6)
Φ = ι ◦ ψ. (2.7)
ω = q ◦ Φ. (2.8)
Proof. The condition stated for χ in (1) of the statement means that χ splits the
short exact sequence of vector G-bundles defined by (2.2), that is,
0→ prP×g1
ι
−→ τP
(Tpi)!
−→ π∗(τZ)→ 0. (2.9)
In turn, the splitting of (2.2) through χ is equivalent, in standard way, to the
existence of a morphism of vectorG-bundles ψ : TP → P×g such that ψ◦ι = idP×g.
In fact, the relationship between ψ and χ is given by the equation
ι ◦ ψ + χ ◦ (Tπ)! = idTP .
The two terms in the left-hand side of this equation are idempotents endomor-
phisms of the vector G-bundle τP : TP → P whose composition is equal to 0. Since
(Tπ)! is surjective and ι is injective, we can use (2.5) to compute each one of the
maps ψ and χ if we know the other one.
This gives us the equivalence between (1) and (2) of the statement.
On the other hand, there exists a smooth map ω : TP → g such that
(∀v ∈ TP ) ψ(v) = (τP (v), ω(v)) ∈ P × g,
since the map ψ : TP → P × g is a bundle morphism over P . Then the condition
ψ ◦ ι = idP×g is equivalent to
(∀X ∈ g)(∀u ∈ P ) ω(T1(µu)X) = X
and the condition that ψ should be G-equivariant is equivalent to
(∀g ∈ G) ω ◦ T (µg) = AdG(g
−1) ◦ ω.
Thus there exists a natural one-to-one correspondence between the splittings of
the exact sequence (2.9) of vector G-bundles over P on the one hand, and maps
ω satisfying (2.3) and (2.4) on the principal bundle π : P → Z on the other hand.
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(See also Theorem 1.1 in [Va74].) This gives us the equivalence between points (2)
and (3) -or (1) and (3)- of the statement.
Set now Φ := ι ◦ ψ. As said before, Φ is an idempotent endomorphism of the
vector G-bundle τP . In particular one has Ran (Φu) = Ker (idTP − Φu) for every
u ∈ P , and also, by (2.5), idTP − Φ = χ ◦ (Tπ)! where χ is injective. Thus we get
Ran (Φu) = Ker (Tuπ) for all u ∈ P . Moreover, the equality T (µg) ◦Φ = Φ ◦T (µg),
for all g ∈ G, follows readily by the G-equivariance of ι and ψ.
Conversely, for a given Φ: TP → VP as in (4), set ω(v) := T1(µτP (v))
−1Φ(v),
v ∈ TP (recall that ι is a trivialization of the vertical subbundle). Then ω is a
smooth map satisfying (2.3) by definition and (2.4) by the G-equivariance of Φ.
Finally, (2.8) is easily deduced: q ◦ Φ = prP×g2 ◦ ι
−1 ◦ ψ = prP×g2 ◦ ψ = ω.
Thus we have proved the theorem. 
As regards the bundle homomorphisms appearing in the above theorem, the
mapping χ clearly reflects the idea to lift the tangent space TZ of the base space Z
as the space of horizontal vectors in TP . This map is introduced as connection in
[Pe69], for instance. The mapping ω corresponds to the classical notion of connec-
tion form associated with a given principal connection (cf. [KM97, p. 387]; see also
[KN63]), and the mapping ψ can be seen as a kind of trivialization of the vertical
bundle VP → P .
2.3. Connections for vector bundles. Let Π: D → Z be a vector bundle. Let
VD = Ker (TΠ) (⊆ TD) be the vertical part of the tangent bundle τD : TD → D.
A useful description of VD can be obtained by considering the fibered product
D×
Z
D := {(ξ1, ξ2) ∈ D × D | Π(ξ1) = Π(ξ2)} along with the natural maps
rj : D×
Z
D → D, rj(ξ1, ξ2) = ξj for j = 1, 2. Define for every (ξ1, ξ2) ∈ D×
Z
D
the path cξ1,ξ2 : R→ D, cξ1,ξ2(t) = ξ1 + tξ2 that passes through ξ1 in the direction
ξ2. Then it is easily seen that we have a well-defined diffeomorphism
ε : D×
Z
D → VD, ε(ξ1, ξ2) = c˙ξ1,ξ2(0) ∈ Tξ1D, (2.10)
which is in fact an isomorphism between the vector bundles r1 : D×
Z
D → D and
τD|VD : VD → D. We then get a natural mapping r := r2 ◦ ε−1 : VD → D and
the pair (r,Π) is a homomorphism of vector bundles from τD|VD : VD → D to
Π: D → Z. The manifold D×
Z
D and morphism ε play, for vector bundles, the
same role as the manifold P × g and morphism ι play for principal bundles.
In the present setting, we have the exact sequences of vector bundles given by
D×
Z
D
ε
−−−−→ TD
Tpi!
−−−−→ TZ×
Z
Dypr1 yτD yΠ∗(τZ)
D
idD−−−−→ D
idD−−−−→ D.
(2.11)
Similarly to the case of principal bundles we next show different but equivalent
presentations of connections on Banach vector bundlles. Recall, r = r2 ◦ ε
−1.
Theorem 2.6. For any vector bundle Π: D → Z, the following assertions are
equivalent.
(1) There exists a smooth map γ : TZ ×
τZ ,Z,Π
D → TD such that:
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1◦ For all (v, ξ) ∈ TZ×
Z
D we have TΠ(γ(v, ξ)) = v and τD(γ(v, ξ)) = ξ.
2◦ For all z ∈ Z and ξ ∈ Dz the mapping γ(·, ξ) : TzZ → TξD is linear.
3◦ For all z ∈ Z and v ∈ TzZ the mapping γ(v, ·) : Dz → (TD)v is linear,
where (TD)v stands for the fiber of the vector bundle TΠ: TD→ TZ
over v ∈ TZ.
(2) There exists a smooth map λ : TD→ D ×
Π,Z,Π
D with λ ◦ ε = idD ×
Π,Z,Π
D, so
that the pair (λ, idD) is a morphism of vector bundles from τD : TD → D
to pr1 : D ×Z D → D.
(3) There exists a smooth mapping K : TD→ D such that:
(i) Π ◦ K = Π ◦ τD and the pair (K,Π) defines a morphism of vector
bundles from τD to Π.
(ii) For all (ξ, η) ∈ D ×
Π,Z,Π
D we have K(ε(ξ, η)) = η.
(4) One has a linear connection Φ: D → Z, in the sense of Definition 2.3(2).
The relationship between the above mappings is given by the formulas:
ε ◦ λ+ γ ◦ (TΠ)! = idTD; (2.12)
λ = (τD,K) (that is, K = r2 ◦ λ) on TD; (2.13)
Φ := ε ◦ λ;
K = r ◦ Φ.
Proof. (1)⇔ (2). Conditions 1◦–3◦ in (1) are equivalent to the fact that the map
γ : TZ ×
Z
D → TD defines splittings both for the exact sequence of vector bundles
pr1D
ε
−→ τD
(TΠ)!
−→ Π ∗ (τZ)
over D, that is (2.11), and the exact sequence of vector bundles
TZ ×
Z
D
γ
−−−−→ TD
τD!−−−−→ D×
Z
TZypr1 yTΠ yτ∗D(Π)
TZ
idTZ−−−−→ TZ
idTZ−−−−→ TZ
(2.14)
over TZ. In fact we have (TΠ)!(ξ) = (TΠ(ξ), τD(ξ)) and τD!(ξ) = (τD(ξ), TΠ(ξ))
for all ξ ∈ TD (see [Pe69], the end of [La01, Ch. IV, §3], and [Va74])
Since γ splits the exact sequence of vector bundles (2.11), it follows that there
exists a unique map λ : TD→ D ×
Π,Z,Π
D such that
ε ◦ λ+ γ ◦ (TΠ)! = idTD,
or, equivalently, it satisfies λ ◦ ε = idD ×
Π,Z,Π
D. As in the case of principal bundles,
with χ and ψ, the maps γ and λ determines each other.
(2)⇔ (3). For r1, r2 as prior to the theorem, Π ◦ r2 = Π ◦ r1 so the pair (r2,Π)
is a morphism of vector bundles from pr1 to Π, which is moreover a fiberwise
isomorphism.
Now assume that λ : TD → D×
Z
D is a smooth map such that the pair (λ, idD)
is a morphism of vector bundles from τD : TD→ D to pr1 : D×
Z
D → D. Then the
map
K := r2 ◦ λ : TD→ D.
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satisfies the conditions of (3).
Conversely, for a given map K as in (3) one can define the smooth map
λ : TD→ D×
Z
D, λ(v) = (τE(v),K(v)).
Thus the pair (λ, idD) is a morphism of vector bundles from τD : TD → D to
pr1 : D×
Z
D → D. Moreover, λ splits the exact sequence of vector bundles (2.11).
In fact, for every (ξ, η) ∈ D×
Z
D we have
λ(ε(ξ, η)) = (τD(ε(ξ, η)),K(ε(ξ, η))) = (ξ, η)
according to condition (i) in (3). Thus λ ◦ ε = idD×
Z
D.
Let us note also that the above constructions are inverse to one another, so
that we get a one-to-one correspondence between maps λ and maps K; cf. subsec-
tion 37.27 in [KM97].
(2)⇔ (4). This is a matter of fact that the relations
Φ := ε ◦ λ and λ := ε−1 ◦ Φ
establishes the link between the maps λ of (2) and the maps Φ of (4).
Finally, r ◦ Φ = r2 ◦ ε−1 ◦ ε ◦ λ = r2λ = K, and the proof is over. 
Remark 2.7. The map γ given in Theorem 2.6 (1) is taken as a connection in
several papers or books (see for example [Pe69], [La01, Ch. IV,§3], and [Va74]).
The map K is usually called connection map, or connector, see [KM97, §37.27].
The above notion of connection map K coincides with the one introduced in [El67,
page 172]. To explain this, we shall use the notation of the preceding theorem. In
addition, denote by Z the model space of the manifold Z and by E the fiber of
α : D → Z, and let ϕ : U → Z be a local chart of Z and Ψ: Π−1(U)→ ϕ(U)×E a
local trivialization of the bundle Π. Then the local representative of a connection
γ : TZ ×
Z
D → TD looks like this:
(TΨ ◦ γ ◦ (Tϕ−1 ×Ψ−1))((x, y), (x, ξ)) = (x, ξ, y,−Γϕ(x)(y, ξ)) (2.15)
whenever x ∈ ϕ(U) ⊆ Z, y ∈ Z, and ξ ∈ E, where Γϕ : ϕ(U) → B(Z,E;E) is
the Christoffel symbol (cf. [Pe69, page A101]). Here we denote by B(B,E;E) the
space of continuous bilinear maps Z × E → E. It then follows by the above local
expression of γ along with the definiton of the connection map K : TE → E that
its local expression is
(Ψ ◦K ◦ TΨ−1)(x, ξ, y, η) = (x, η + Γϕ(x)(y, ξ)) (2.16)
whenever x ∈ ϕ(U) ⊆ Z, y ∈ Z, and ξ, η ∈ E. In fact, we get by (2.12) and (2.13)
that
(∀v ∈ TD) ε(τD(v),K(v)) = v − γ(TΠ(v), τD(v)).
By expressing this equation in local coordinates we get
(TΨ ◦ ε ◦ (Ψ−1 ×Ψ−1))(x, ξ,Ψ(K(v))) =(x, ξ, y, η)
− (TΨ ◦ γ ◦ (Tϕ−1 ×Ψ−1))((x, y), (x, ξ))
=(x, ξ, y, η)− (x, ξ, y,−Γϕ(y, ξ))
=(x, ξ, 0, η + Γϕ(y, ξ)).
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Since v = (TΨ−1)(x, ξ, y, η), it now follows by (2.10) that (Ψ◦K◦TΨ−1)(x, ξ, y, η) =
(x, η + Γϕ(x)(y, ξ)), as claimed. And thus the definition of K in Theorem 2.6 is
indeed equivalent to the Definition in [El67, page 172].
2.4. Linear connections induced from principal ones. It is well known that
principal connections on principal G-bundles π induce linear connections on vector
bundles Π associated with π through representations of the structure group G. In
the infinite dimensional setting, a very suitable induction procedure is given in
[KM97, §37.24] in terms of connections Φ. Here, we show how such a procedure
looks when one takes maps χ and γ as references for connections.
So let π : P → Z be a principal Banach G-bundle with action µ : P × G → P .
Let ρ : G→ B(V) is a smooth representation of G by bounded linear operators on
a Banach space V, and denote by
Π: D = P ×GV→ Z, [(u, x)] 7→ π(u)
the associated vector bundle (see [Bo67, subsect. 6.5] and [KM97, subsect. 37.12]).
Recall that P ×GV denotes the quotient of P ×V with respect to the equivalence
relation defined by
(∀g ∈ G) (u, x) ∼ (µ(u, g), ρ(g−1)x) =: µ¯(g)(u, x)
whenever (u, x) ∈ P × V, and we denote by [(u, x)] the equivalence class of any
pair (u, x). In this way, Π: D → Z is a vector G-bundle.
Furthermore, the tangent manifold TG is the semidirect product of groups TG ≡
G ⋉AdG g defined by the adjoint action of G on g; see [KM97, Cor. 38.10]. The
multiplication in the group TG is given by
(g1, X1)(g2, X2) = (g1g2,AdG(g
−1
2 )X1 +X2), (g1, g2 ∈ G;X1, X2 ∈ g).
Then the tangent bundle Tπ : TP → TZ is a principal bundle with the structure
group TG and right action Tµ : TP × TG→ TP ([KM97, Th. 37.18(1)]), and the
tangent map of the representation ρ can be viewed as the smooth representation
Tρ : G⋉AdG g→ B(V⊕V) defined by
(g,X) 7→
(
ρ(g) 0
0 ρ(g)
)(
1 0
dρ(X) 1
)
=
(
ρ(g) 0
ρ(g)dρ(X) ρ(g)
)
,
where the resulting matrix is to be understood as acting on vectors of V ⊕ V
written in column form. Using the representation Tρ, the tangent bundle of the
vector bundle Π: D = P ×G E→ Z can be described as the vector bundle
τD : TD = TP ×G⋉AdGg (V+˙V)→ P ×G V = D,
which is associated to the principal bundle Tπ : TP → TZ and is defined by
τD : [(vu, (x, y))] 7→ [(u, x)] (vu ∈ TuP ;x, y ∈ V)
([KM97, Th. 37.18(4)]).
Let now χ : P ×
Z
TZ → TP be a connection on the principal bundle π : P → Z.
Denote by
q : P ×V→ P ×G V = D, (u, x) 7→ [(u, x)]
the quotient map, and define
j : V→ V×V, x 7→ (x, 0).
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Then the composition
(P ×
Z
TZ)×V
χ×j
−→TP × (V×V) = T (P ×V)
Tq
−→TD
has the property
Tq((χ× j)((µ(u, g), v), ρ(h−1)x)) = Tq(χ(µ(u, g), v), ρ(g−1)x, 0)
= Tq((Tµ(·, g) ◦ χ)(u, v), ρ(g−1)x, 0)
= T (q ◦ µ¯(g))(χ(u, v), x, 0)
= Tq(χ(u, v), x, 0)
= Tq((χ× j)((u, v), x))
whenever g ∈ G, x ∈ V and (u, v) ∈ TZ. (Note that the second of the above
equalities follows by the G-equivariance property of χ. We also note that a similar
calculation can be found in [KM97, subsect. 37.24].) Consequently the map
γ : TZ ×
Z
D → TD, (v, [(u, x)]) 7→ Tq((χ× j)((u, v), x))
is well defined. Since the quotient map
(P ×
Z
TZ)×V→ TZ×
Z
(P ×G V) = TZ ×
Z
D, ((u, v), x) 7→ (v, [(u, x)])
is a submersion and Tq◦(χ×j) is smooth, it follows by Corollary 4.8 in [Up85] that
γ is smooth. Moreover, it is easy to see that conditions 1◦–3◦ in Theorem 2.6(3)
are satisfied, hence γ : TZ ×
Z
D → TD is actually a connection on the vector bundle
Π: D → Z, and it was constructed out of the connection χ : P ×
Z
TZ → TP on the
principal bundle π : P → Z.
For the sake of completeness let us recall that every vector bundle is associated
with its frame bundle, which is a principal bundle (see [Bo67] and [Va74, Sect. 2]).
In this special case the above construction can be found in [Pe69, Sect. 1].
2.5. Covariant derivatives. Whereas a connection on a fiber bundle is introduced
by algebraic tools, as a way to make differentation between different tangent spaces
possible (through a suitable smooth family of horizontal tangent subspaces), the
differential calculus in itself, on such a bundle, relies on the notion of the covariant
derivative associated to the connection. We are not dealing with covariant deriva-
tives in detail, but it sounds sensible to recall its definition and some properties.
Let Φ, K be a linear connection on a Banach vector bundle Π and its corre-
sponding connection map, respectively. Let Ω1(Z,D) denote the space of locally
defined smooth differential 1-forms on Z with values in the bundle Π: D → Z,
and let Ω0(Z,D) denote the space of locally defined smooth sections of the vector
bundle Π.
The covariant derivative for Φ, or alternatively for K, is the linear mapping
∇ : Ω0(Z,D)→ Ω1(Z,D), defined for every σ ∈ Ω0(Z,D) by the composition
∇σ : TZ
Tσ
−→TD
Φ
−→VD
r
−→D
that is, ∇σ = (r ◦ Φ) ◦ Tσ = K ◦ Tσ.
Covariant derivatives on Banach bundles enjoy many of the properties of covari-
ant derivatives in finite dimensions. For instance, ∇ can be locally expressed in
terms of connection forms ω ∈ Ω1(P, g) when the vector bundle is associated with
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a principal bundle (via a representation of the structure group). In this way co-
variant derivatives and their compatibility with Hermitian and complex structures,
as well as the positivity of their curvature forms, on Banach vector bundles have
been studied in [BG14], [BG15], [BG16] with particular attention on the geometry
of reproducing kernels.
2.6. Pull-backs of connections. Pull-backs of connections on various types of
finite-dimensional bundles have been studied in several papers; see for instance
[NR61], [NR63], [Le68], [Sch80], [PR86].
In [BG14, Prop. 6.6], a result on pull-back of connections Φ on Banach vector
bundles is given, which is suitable for application in the study of differential geo-
metric properties of reproducing kernels (see also [BG15], [BG16]). Unlike most
constructions of the pull-backs of connections in the literature, the method pro-
vided in [BG14] is more direct in the sense that it requires neither the connection
map, nor any connection forms, nor the covariant derivative, but rather the connec-
tion Φ itself. However, we wish here to show another type of pull-back operation
relying on the connectors associated with connections, which also works in infinite
dimensions, since connectors are tools frequently used in applications.
Proposition 2.8. Let Π: D → Z and Π˜ : D˜ → Z˜ be vector bundles and ∆ = (δ, ζ)
a morphism of vector bundles from Π to Π˜. If the mapping δ : D → D˜ is a fiberwise
isomorphism, then for every connection map K˜ on the vector bundle Π˜ there exists
a unique connection map K on the vector bundle Π such that the diagram
TD
Tδ
−−−−→ T D˜
K
y yK˜
D
δ
−−−−→ D˜
(2.17)
is commutative.
Definition 2.9. In the setting of Proposition 2.8 the connection map K is called
the pull-back of K˜ by ∆ and we denote K := ∆∗(K˜). Also, if γ and γ˜ are the
connections associated with the connection maps K and K˜, respectively, then we
say that γ is the pull-back of γ˜ by ∆ and we denote γ := ∆∗(γ˜).
Proof of Proposition 2.8. Since δ : D → D˜ is a fiberwise isomorphism, the diagram
from the statement is commutative if and only if we define
(∀z ∈ Z)(∀v ∈ TzE) K(v) := (δ|Dz )
−1(K˜(Tδ(v))). (2.18)
Thus we get a map K : TE → E that satisfies condition (i) in Theorem 2.6(3). It
remains to show that condition (ii) in Theorem 2.6(3) is satisfied as well and that
K is smooth.
To this end recall the embedding
ε : D×
Z
D → TD, (ξ, η) 7→ c˙ξ,η(0)
as the vertical subbundle of TD, and let
ε˜ : D˜×
Z˜
D˜ → T D˜, (ξ˜, η˜) 7→ c˙
ξ˜,η˜
(0)
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be the similar map associated with the vector bundle Π˜ : D˜ → Z˜. Since the mapping
δ is fiberwise linear, it follows that for arbitrary (ξ, η) ∈ D×
Z
D we have
(∀t ∈ R) δ(c
ξ˜,η˜
(t)) = δ(ξ˜ + tη˜) = δ(ξ˜) + tδ(η˜) = c
δ(ξ˜),δ(η˜)(t),
whence Tδ(c˙ξ,η(0)) = c˙Tδ(ξ),Tδ(η)(0). In other words the diagram
D×
Z
D
δ×δ
−−−−→ D˜×
Z˜
D˜
ε
y yε˜
TD
Tδ
−−−−→ T D˜
(2.19)
is commutative. Then for arbitrary (ξ, η) ∈ D×
Z
D we have
δ(K(ε(ξ, η)))
(2.17)
= K˜(Tδ(ε(ξ, η)))
(2.19)
= K˜(ε˜(δ(ξ), δ(η))) = δ(η).
The last of the above equalities follows since K˜ is a connection map hence satisfies
condition (ii) in Theorem 2.6(3). Since δ : D → D˜ is fiberwise injective, we obtain
K(ε(ξ, η)) = η, and thus K in turn satisfies condition (ii) in Theorem 2.6(3).
Finally, we will prove that the map K is smooth by computing its expression in
local coordinates. Let Z be the model space of the manifold Z and by E the fiber
of Π: D → Z, and let ϕ : U → Z be a local chart of Z and Ψ: Π−1(U)→ ϕ(U)×Z
a local trivialization of the bundle α. Similarly, let Z˜ be the model space of the
manifold Z˜, E˜ be the fiber of Π˜ : D˜ → Z˜, ϕ˜ : U˜ → Z˜ be a local chart of Z˜, and
Ψ˜: Π˜−1(U˜) → ϕ˜(U˜) × E˜ a local trivialization of the bundle Π˜. Also denote by
Γ˜ : U˜ → B(Z˜, E˜; E˜) the corresponding Christoffel symbol of K˜. Since the mapping
ζ : Z → Z˜ is continuous, we may assume that U is small enough such that ζ(U) ⊆ U˜ .
Since the pair ∆ = (δ, ζ) is a morphism of vector bundles, it follows that there
exists a smooth mapping d : U → B(E, E˜) such that
(Ψ˜ ◦ δ ◦Ψ−1)(x, ξ) = (ζ
φ,φ˜
(x), d(x)ξ) whenever (x, ξ) ∈ U ×E. (2.20)
Using the notation KΨ = Ψ◦K ◦TΨ−1, K˜Ψ˜ = Ψ˜◦ K˜ ◦T Ψ˜
−1, and ζ
φ,φ˜
= φ˜◦ ζ ◦φ−1
we obtain
(ζ
φ,φ˜
(x), d(x)KΨ(x, ξ, y, η))
(2.20)
= (Ψ˜ ◦ δ ◦Ψ−1)(x,KΨ(x, ξ, y, η))
(2.17)
= K˜Ψ˜((T Ψ˜ ◦ Tδ ◦ TΨ
−1)(x, ξ, y, η))
(2.20)
= K˜Ψ˜(ζφ,φ˜(x), d(x)ξ, (ζφ,φ˜)
′(x)y, d(x)η)
(2.13)
= (ζ
φ,φ˜
(x), d(x)η + Γ˜(ζ
φ,φ˜
(x))((ζ
φ,φ˜
)′(x)y, d(x)ξ)),
hence for all x ∈ ϕ(U) ⊆ Z, y ∈ Z, and ξ, η ∈ E we get
KΨ(x, ξ, y, η) = η + d(x)
−1Γ˜(ζ
φ,φ˜
(x))((ζ
φ,φ˜
)′(x)y, d(x)ξ). (2.21)
This expression ofK in local coordinates shows thatK is indeed a smooth map. 
Remark 2.10. By using Theorem 2.6 (2)⇔ (3), formula (2.21) and the computa-
tion in [El67, page 172] we obtain an alternative proof of the fact that the mapping
K : TE → E defined by (2.18) is a connection map. A special case of this reasoning
can be found at the end of [El67, Sect. 2].
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Remark 2.11. It is possible to establish a result for pull-backs of covariant deriva-
tives as follows. Let Π: D → Z and Π˜ : D˜ → Z˜ be vector bundles endowed with the
linear connections Φ and Φ˜, with the corresponding covariant derivatives ∇ and ∇˜,
respectively. Assume that Θ = (δ, ζ) is a homomorphism of vector bundles from Π
into Π˜ such that Tδ ◦Φ = Φ˜ ◦ Tδ. If σ ∈ Ω0(Z,D) and σ˜ ∈ Ω0(Z˜, D˜) are such that
δ ◦ σ = σ˜ ◦ ζ, then δ ◦K ◦ Tσ = K˜ ◦ T σ˜ ◦ Tζ, that is, δ ◦∇σ = ∇˜σ˜ ◦ Tζ; see details
in [BG14].
3. Stiefel bundles on flag manifolds in Banach algebras
Let A be a complex Banach algebra with unit 1 and endowed with a continuous
involution a 7→ a∗. Let A× denote the open set of invertible elements of A. We will
assume in all of this section that A is also hermitian; that is, σ(a) ⊂ R whenever
a = a∗ ∈ A. Here, σ(a) is the spectrum of a. Examples of hermitian Banach
algebras are the C∗-algebras and group algebras on many locally compact groups.
Put P(A) := {p ∈ A : p = p2} and p̂ = 1 − p, for every p ∈ P(A). For
p, q ∈ P(A), the notation p ≤ q means that qp = p, and p < q means that p ≤ q
with p 6= q. An equivalence relation ∼ can be defined in P(A) by
p ∼ q ⇔ p ≤ q and q ≤ p.
The corresponding quotient set is denoted by Gr(A) := P(A)/ ∼ and for arbitrary
p ∈ P(A) we denote its equivalence class by [p] ∈ Gr(A). The assumption that A
is a hermitian ∗-algebra implies that the subset of orthogonal projections
P⊥(A) := {p ∈ P(A) | p = p
∗}
is a cross-section of the above equivalence relation, that is, every element of P(A)
is equivalent to exactly one element of P⊥(A) (see [BN10, Lemma 4.4(2)]). One
thus obtains the canonical bijection
P⊥(A)→ Gr(A), p 7→ [p]. (3.1)
The left action g · [p] := [gpg−1] of g ∈ A× on [p] ∈ Gr(A) is well defined. Then the
Grassmann manifold, or just Grassmannian, Gr(p,A) at p ∈ P(A) is the complex
homogeneous space
Gr(p,A) := {[gpg−1] : g ∈ A×} ≃ A×/∆(p)×
where
∆(p)× := {g ∈ A× : [gpg−1] = [p]} = {g ∈ A× : p̂gp = p̂g−1p = 0}
is a Banach-Lie subgroup of A×. As a Banach manifold, Gr(p,A) is modeled on
its tangent space p̂Ap at p.
For the following facts we refer the reader to [DG01]; see also [MS97], [BN10].
The Stiefel bundle on Gr(p,A) is the principal bundle σ : V(p,A)→ Gr(p,A) whose
total space is the complex Banach manifold
V(p,A) :={v ∈ A : (∃a ∈ A) ava = a, vav = v, av = p, va ∈ Gr(p,A)}.
If v ∈ V(p,A), then σ(v) ∈ Gr(p,A) is defined by [p] = σ(v), where p ∈ P⊥(A) is
uniquely determined via the bijection (3.1) by the conditions
p = p2 = p∗, (va)p = p, and p(va) = va.
Then V(p,A) is acted on the right by the group (pAp)×, which turns out to be
the structure group of the principal bundle σ, so that Gr(p,A) ≃ V(p,A)/(pAp)×.
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Moreover, the holomorphic action A× ×V(p,A)→ V(p,A) given by multiplication
is transitive, see [DG01, Lemma 5.1 and Prop. 5.3]. Hence it yields the identity
V(p,A) = {gp : g ∈ A×} and the biholomorphic A×-equivariant diffeomorphism
V(p,A) ≃ A×/A×p , where A
×
p := {g ∈ A
× : gp = p} is the isotropy group at p. In
these forms, V(p,A) is suitably handled.
We next generalize the Stiefel bundle by replacing the Grassmann manifold with
flag manifolds.
3.1. Flag manifolds. For every integer n ≥ 1, let δ = (p1, . . . , pn) be a finite,
totally ordered family 0 = p0 < p1 < · · · < pn < pn+1 = 1 of elements in P(A).
Set δ̂ := (p̂n, . . . p̂1).
Let Pn(A) be the set of all such families. Then we define
(p1, . . . , pn) ∼ (q1, . . . , qn)⇐⇒ [pj] = [qj ] (j = 1, . . . , n).
Then the above is an equivalence relation. The corresponding quotient set is de-
noted by FlA(n), and the equivalence class of δ = (p1, . . . , pn) ∈ Pn(A) is denoted
by [δ] ∈ FlA(n). Generalizing the case of Grassmannians, A× acts on Pn(A) by
g · [(p1, . . . , pn)] := [(gp1g−1, . . . , gpng−1)], for g ∈ A×, [(p1, . . . , pn)] ∈ FlA(n).
Then, for fixed [δ] ∈ FlA(n), the flag manifold at [δ] is the A×-orbit
FlA([δ]) := {g · [δ] : g ∈ A
×}
Clearly, FlA([δ]) = Gr(p,A) when n = 1 and p = p1. Similarly to that case, we
have the A×-equivariant bijection
FlA([δ]) ≃ A
×/∆(δ)×,
where ∆(δ)× is the group of invertible elements of the non-self-adjoint subalgebra
of A,
∆(δ) := {a ∈ A : p̂japj = 0 (j = 1, . . . , n)}.
In fact, the aboveA×-equivariant bijection is a diffeomorphism of Banach manifolds
where the topology in FlA([δ]) coincides with the quotient topology induced fromA.
This is proven in [BN10], where the following notions are introduced accordingly.
Let Φδ : A → A be the diagonal truncation on A defined by
Φδ(x) :=
n+1∑
j=1
(pj − pj−1)x(pj − pj−1).
Then it is readily seen that Φδ is a continuous idempotent mapping with range
equal to D(δ) := {x ∈ A : xpj = pjx (j = 1, . . . , n)}, and that Φδ = Φδ̂. Also, the
restriction of Φδ to ∆(δ) is multiplicative.
Denote N(δ) := ∆(δ)× ∩ (Φδ)−1(1), which is a Banach-Lie subgroup of ∆(δ)×.
The flag manifold FlA([δ]) is modeled on the tangent space of N(δ̂). This fact is
obtained from the unique decomposition
Ωδ = N(δ̂)∆(δ)
×
(
= N(δ̂)D(δ)×N(δ)
)
(3.2)
given by [BN10, Rem. 4.2], together with some other facts, (see [BN10, Lemma
A1, Th. 4.3]). We note that the matrix decomposition given in [BN10, Rem. 4.2],
should actually read as follows: for g ∈ A× with pgp ∈ (pAp)× and p ∈ P(A), one
has
g =
(
p 0
p̂g(pgp)−1 p̂
)(
pgp 0
0 g − g(pgp)−1g
)(
p (pgp)−1gp̂
0 p̂
)
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where (pgp)−1 is the inverse of pgp in (pAp)×. (For a general n-uple δ one proceeds
by induction; see [BN10].)
The above decomposition (3.2) also shows that A× → FlA([δ]) is a principal bun-
dle with structure group ∆(δ)×. Here, Ωδ := {g ∈ A× : pjgpj ∈ (pjApj)× for j =
1, . . . , n} is an open subset of A× with 1 ∈ Ωδ. (Note that the unit of pAp is p, for
all p ∈ P(A).)
From (3.2) one directly obtains
A = TN(δ̂)+˙∆(δ) = TN(δ̂)+˙D(δ)+˙TN(δ) (3.3)
where A, TN(δ̂), ∆(δ), TN(δ) are seen as the tangent spaces (at 1) of the groups
A×, N(δ̂), ∆(δ)×, N(δ) respectively.
Let us now have a closer look at (3.3). First, we describe the elements of N(δ)
in some detail.
Lemma 3.1. In the above setting,
g ∈ N(δ)⇐⇒ p̂j−1gpj = p̂j−1pj (j = 1, . . . , n, n+ 1).
Proof. Clearly, pj − pj−1 = p̂j−1pj for every j = 1, . . . , n, n+ 1. For x ∈ (Φδ)−1(1)
one has
∑n+1
j=1 (pj − pj−1)x(pj − pj−1) = 1, whence, multiplying the two members
of the equality by p̂k−1pk with fixed k in {1, . . . , n, n+ 1}, one eventually obtains
x ∈ (Φδ)
−1(1)⇐⇒ p̂k−1pkxpkp̂k−1 = p̂k−1pk (k = 1, . . . , n, n+ 1).
Moreover, if x ∈ ∆(δ) then
p̂k−1pkxpkp̂k−1 = p̂k−1xpkp̂k−1 = p̂k−1xpk − p̂k−1xpk−1 = p̂k−1xpk
and the statement follows. 
Remark 3.2. Lemma 3.1 is equivalent to
g ∈ N(δ̂)⇐⇒ pjgp̂j−1 = pj p̂j−1 (j = 1, . . . , n+ 1).
It follows from the characterization that the tangent space TN(δ̂) of the Banach-
Lie group N(δ̂) is given by
a ∈ TN(δ̂)⇐⇒ pjap̂j−1 = 0 (j = 1, . . . , n+ 1).
In particular, for n = 1, δ : 0 < p < 1 and N(p̂) := N(δ̂) we have that
a ∈ T1N(p̂) if only if pa = 0 and ap̂ = 0; that is, T1N(p̂) = p̂Ap, the space on
which the Grassmannian Gr(p,A) = FlA([p]) is modeled.
Lemma 3.3. One has the direct sum decomposition
Φ−1δ (0) = TN(δ̂)+˙TN(δ)
with
TN(δ̂) =
(
Φ−1δ (0) ∩∆(δ̂)
)
and TN(δ) =
(
Φ−1δ (0) ∩∆(δ)
)
.
In fact, for every x ∈ Φ−1δ (0), one has x = y + z where
y =
n+1∑
j=2
p̂j−1pjxpj−1 ∈ TN(δ̂) and z =
n+1∑
j=2
pj−1xpj p̂j−1 ∈ TN(δ).
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Proof. Notice that x ∈ Φ−1δ (0) if and only if
p̂j−1(pjxpj)p̂j−1 = 0, ∀j = 1, . . . , n, n+ 1
if and only if
pjxpj = pj−1(pjxpj)pj−1 + pj−1(pjxpj)p̂j−1
= pj−1xpj−1 + pj−1xpj p̂j−1 + p̂j−1pjxpj−1.
Therefore,
x = pn+1xpn+1 = pnxpn + pnxpn+1p̂n + p̂npn+1xpn
= pn−1xpn−1 +
n+1∑
j=n
pj−1xpj p̂j−1 +
n+1∑
j=n
p̂j−1pjxpj−1
= · · · =
= p1xp1 +
n+1∑
j=2
pj−1xpj p̂j−1 +
n+1∑
j=2
p̂j−1pjxpj−1
=
n+1∑
j=2
pj−1xpj p̂j−1 +
n+1∑
j=2
p̂j−1pjxpj−1
Also, x ∈ Φ−1δ (0) ∩ ∆(δ) if and only if pjxpj = pj−1xpj−1 + pj−1xpj p̂j−1 +
p̂j−1pjxpj−1 and p̂j−1xpj = 0 for every j = 1, . . . , n, n + 1. This is the same as
xpj = xpj−1 + pj−1xpj − xpj−1 + xpj−1 − xpj−1 = pj−1xpj ; that is, p̂j−1xpj = 0
for all j = 1, . . . , n, n+ 1. Equivalently, x ∈ TN(δ).
Similarly, x ∈ Φ−1δ (0) ∩∆(δ̂) if and only if pjxp̂j−1 = 0 (j = 1, . . . , n, n + 1), if
and only if x ∈ TN(δ̂).
Fix k ∈ {1, . . . , n}. Then,
p̂k−1zpk = p̂k−1

n+1∑
j=2
pj−1xpj p̂j−1

 pk = n+1∑
j=2
p̂k−1pj−1xpjpkp̂j−1
=
k∑
j=2
(p̂k−1pj−1)xpj p̂j−1 +
n+1∑
j=k+1
p̂k−1pj−1x(pkp̂j−1) = 0 + 0 = 0,
whence z ∈ ∆(δ). Analogously, pkyp̂k−1 = 0 and therefore y ∈ ∆(δ̂).
Finally, it is clear that x ∈
(
Φ−1δ (0) ∩∆(δ̂)
)⋂(
Φ−1δ (0) ∩∆(δ)
)
if and only if
x = 0. 
Remark 3.4. Lemma 3.3 contributes to understand the decomposition (3.2) in
relation with that one defined by Φδ,
A = TN(δ̂)+˙∆(δ) = TN(δ̂)+˙TN(δ)+˙D(δ)
=
(
Φ−1δ (0) ∩∆(δ̂)
)
+˙
(
(Φ−1δ (0) ∩∆(δ))+˙D(δ)
)
= KerΦδ+˙RanΦδ,
and allows us to find the associated projection Eδ : A → ∆(δ) defined by
Eδ(a) :=
n+1∑
j=1
p̂j−1pjap̂j−1, a ∈ A.
18 DANIEL BELTIT¸A˘ AND JOSE´ E. GALE´
As a matter of fact, Eδ is a projection of A onto ∆(δ), with KerEδ = TN(δ̂),
such that Eδ(1) = 1. The projection Eδ and its image ∆(δ) hold a central role
in endowing the flag manifold at [δ] with the structure of a complex manifold on
which the unitary group of A acts by holomorphic maps; this can be done just as
in the case of Grassmann manifolds (see for instance [BG09, Sect. 3]).
Put A×δ := {g ∈ A
× : gpj = pj (j = 1, . . . , n)} = {g ∈ A× : gpn = pn}
and G([δ]) := ∆(δ)×/A×δ , where the quotient is understood in the sense of the
multiplication in A.
Lemma 3.5. The following assertions hold true:
(i) A×δ is a normal subgroup of ∆(δ)
×.
(ii) The multiplication in A× induces a natural free right action of the group G([δ])
on the homogeneous space A×/A×δ , and this action is holomorphic.
Proof. (i) This is straightforward.
(ii) The action referred to in the statement is
α :
(
A×/A×δ
)
× G([δ])→ A×/A×δ , (gA
×
δ , aA
×
δ ) 7→ (ga)A
×
δ .
Let g, h ∈ A× and a, b ∈ ∆(δ)× such that gA×δ = hA
×
δ and aA
×
δ = bA
×
δ . Then, for
j = 1, . . . , n,
b−1h−1gapj = b
−1(h−1g)apj = b
−1pjapj = b
−1apj = pj ,
whence gaA×δ = hbA
×
δ . Thus the action α is well defined. That α is free is even
simpler to show, and the holomorphy of α follows by usual arguments. 
Remark 3.6. The mapping gA×δ 7→ (pjgpj)
n
j=1 = (gpj)
n
j=1 is a biholomorphic
group homomorphism between the Banach-Lie groups G([δ]) and {(h1, . . . , hn) :
hj ∈ (pjApj)
×, hj = hnpj (j = 1, . . . , n))}. When n = 1, one gets that the
structure group (pAp)× of the Stiefel bundle σ is isomorphic to the quotient group
G([p]) = ∆(p)×/A×p .
Proposition 3.7. The homogeneous spaces
FlA([δ]) and
(
A×/A×δ
)
/G([δ])
are biholomorphically diffeomorphic.
Proof. Since A×δ ⊂ ∆(δ)
× the quotient map A×/A×δ → A
×/∆(δ)× is well defined
and surjective. Moreover, gA× 7→ ∆(δ)× if and only if g ∈ ∆(δ)×. The remainder
of the proof is standard. 
As said before, the multiplication in A splits the open set Ωδ as
Ωδ = N(δ̂)∆(δ)
×.
A similar factorization holds for the open set ΩδA
×
δ of the homogeneous space
A×/A×δ under the natural left action of the group N(δ̂) on the group G([δ]).
Proposition 3.8. Set Ω˜δ := {gA
×
δ : g ∈ Ωδ}. Then
Ω˜δ = N(δ̂) · G([δ]).
and this factorization is unique for every gA×δ in Ω˜δ.
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Proof. It is readily seen that the action
N(δ̂)× G([δ])→ Ω˜δ, (a, gA
×
δ ) 7→ (ag)A
×
δ
is well defined and surjective. Moreover, if a, b ∈ N(δ̂) and g, h ∈ ∆(δ)× are such
that a · gA×δ = b · hA
×
δ then b
−1agpn = hpn, with gpn, hpn ∈ ∆(δ)×. By the
uniqueness of decompositions in Ωδ = N(δ̂)∆(δ)
× one has b−1a = 1 and therefore
a = b and gA×δ = hA
×
δ . Thus the factorization is unique. 
3.2. Stiefel manifold. In Stiefel bundles on Grassmannians, the action of A× on
the total space V(p,A) is transitive, so that V(p,A) = A×p. Then the bundle map
σ : V(p,A) → Gr(p,A) gets the simple form gp 7→ [gpg−1]. Similarly, for arbitrary
n and δ, one looks for a Stiefel bundle with total space A× · (p1, . . . , pn) and bundle
map (gp1, . . . , gpn) 7→ [(gp1g−1, . . . , gpng−1)].
For δ = (p1, . . . , pn) ∈ Pn(A), let V(δ,A) denote the set of n-uples given by
{(v1, . . . , vn) ∈ A
n : vj ∈ V(pj ,A) (1 ≤ j ≤ n), vj = vj+1pj (1 ≤ j ≤ n− 1)}
= {(vp1, . . . , vpn−1, v) ∈ A
n : v ∈ V(pn,A)}
= {(gp1, . . . , gpn) ∈ A
n : g ∈ A×} =: V(δ,A).
There is a natural bijection from V(δ,A) onto V(pn,A). We thereby identify both
these sets, their topologies and differential structures. There exist A×-equivariant
bijections V(δ,A) ≃ A×/A×δ ≃ A
×/A×pn .
Definition 3.9. We call Stiefel bundle on the flag manifold Fl([δ]) the map
σδ : V(δ,A)→ FlA([δ]), gpn 7→ [(gp1g
−1, . . . , gpng
−1)]
Since pnpj = pj for every j = 1, . . . , n, it is easily checked that the above map σδ
is well defined.
Proposition 3.10. The Stiefel bundle σδ : V(δ,A)→ Fl([δ]) is a principal bundle
with structure group G([δ]).
Proof. To begin with, the right action of G([δ]) on V(δ) given in Lemma 3.5 is free
as said there.
Let πδ : A
× → A×/∆(δ)× = FlA([δ]) be the canonical quotient map. Define
ψ1 = πδ|
N(δ̂)
: N(δ̂) → FlA([δ]) = V(δ)/G([δ]), and then set V1 = ψ1(N(δ̂)), ψg =
g · ψ1, Vg = g · V1 (g ∈ A×).
Proposition 3.8 implies that the multiplication mapping
N(δ̂)× G([δ])→ Ω˜δ, (g, aA
×
δ ) 7→ (ga)A
×
δ
is a homeomorphism, since the map N(δ̂) ×∆(δ)× → Ωδ, (g, a) 7→ ga, is a home-
omorphism ([BN10, Remark 4.2]) and the canonical projections N(δ̂) ×∆(δ)× →
N(δ̂)× G([δ]) and Ωδ → Ω˜δ are open.
Then the G([δ])-equivariant trivialization diagram
Ω˜
≃
−−−−→ N(δ̂)× G([δ])
ψ1×1G
−−−−→ V1 × G([δ])y y y
N(δ̂)
≃
−−−−→ N(δ̂)
Ψ1−−−−→ V1
20 DANIEL BELTIT¸A˘ AND JOSE´ E. GALE´
and arguments involving the family (ψg : N(δ̂)→ Vg)g∈A× , similar to some reason-
ing in the proof of [BN10, Lemma A.1], shows that σδ is a G(δ)-principal bundle as
required. 
Now, notice that the tangent space TV(δ,A) is
TV(δ,A) = T
(
A×/A×δ
)
≃ A/Aδ = A/{apn = 0} ≃ Apn.
and
x ∈ TN(δ̂)⇔ pjxp̂j−1 = 0 (j = 1, . . . , n+ 1)⇒ xp̂n = 0⇔ x = xpn,
whence TN(δ̂) = TN(δ̂)pn.
Hence, Apn = TN(δ̂)+˙∆(δ)pn and the mapping E˜δ := Eδ |Apn is a smooth
projection of Apn onto ∆(δ)pn.
3.3. Connections on Stiefel and frame bundles over flag manifolds. In
this subsection we construct natural principal connections on Stiefel bundles over
flag manifolds. To this end we work with the unitary reduction of the bundles
considered above, and we use the full force of the assumption that A is a hermitian
∗-algebra. That assumption is encoded in the fact that its unitary group U(A) :=
{u ∈ A | uu∗ = u∗u = 1} acts transitively on the flag manifolds FlA([δ]) ≃ Fl(δ) :=
{(up1u−1, . . . , upnu−1) | u ∈ U(A)}, for all δ ∈ Pn(A) such that pj ∈ P⊥(A) for
j = 1, . . . , n, by [BN10, Th. 4.5]. Regarding the unitary group U(A) as a Banach
manifold, its tangent space is isomorphic to the real Lie subalgebra of A defined by
u(A) := {a ∈ A | a∗ = −a}.
Let δ = (p1, . . . , pn) ∈ Pn(A) with pj ∈ P⊥(A) for j = 1, . . . , n. The corre-
sponding isotropy group at [δ] ∈ Fl(δ) is U(A) ∩ ∆(δ)× and one thus obtains a
U(A)-equivariant diffeomorphism
U(A)/(U(A) ∩∆(δ)×) ≃ Fl(δ) (3.4)
which gives a principal bundle U(A)→ Fl(δ) whose structural group is the Banach-
Lie subgroup U(A) ∩∆(δ)× of U(A).
Using the hypothesis p∗j = pj for j = 1, . . . , n, we obtain
U(A) ∩∆(δ)× = {u ∈ U(A) | upj = pju for j = 1, . . . , n} = U(A) ∩D(δ).
Put DU (δ) := U(A) ∩ D(δ) and Du(δ) := u(A) ∩ D(δ). Then the diffeomor-
phism (3.4) is the same as U(A)/DU (δ) ≃ Fl(δ), whence we obtain the isomorphism
between the tangent manifolds
u(A)/Du(δ) ≃ TFl(δ) ≃ TN(δ̂). (3.5)
On the other hand, from the decomposition A = KerΦδ+˙RanΦδ discussed in
Remark 3.4, one easily obtains
u(A) = (KerΦδ ∩ u(A)) +˙ (RanΦδ ∩ u(A)) = (KerΦδ ∩ u(A)) +˙D
u(δ)
since the map Φδ preserves the involution in A because pj ∈ P⊥(A) for j = 1, . . . , n.
Hence, we also have the isomorphism of Banach spaces
u(A)/Du(δ) ≃ (KerΦδ ∩ u(A)) (3.6)
and then, having together (3.5) and (3.6), we can see that the hermitian character
of the algebra A is also encoded in the real Banach isomorphism between TN(δ̂)
and KerΦδ ∩ u(A); that is, between TN(δ̂) and
(
TN(δ̂)+˙TN(δ)
)
∩ u(A).
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Remark 3.11. LetD(δ)×+ denote the subset of positive invertible elements of D(δ).
The unique decomposition
A× = U(A)D(δ)×+N(δ)
obtained in [BN10, Cor. 3.7] for hermitian Banach algebras is the key property
underlying the observation prior to this remark. In effect, the above factorization,
besides giving us the diffeomorphism (3.4), also implies the direct sum of tangent
spaces
A = u(A)+˙Dsym(δ)+˙TN(δ),
where with Dsym(δ) we denote the self-adjoint elements of D(δ). Then, up to
isomorphism,
A = TN(δ̂)+˙uδ(A)+˙Dsym(δ)+˙TN(δ) = TN(δ̂)+˙TN(δ)+˙D(δ)
as shown in Remark 3.4.
It follows from the discussion preceding the above remark that the map Φδ |u(A)
is a principal connection for the unitary reduced bundle U(A) → U(A)/DU (δ) =
Fl(δ). For, given g in the structure group DU (δ) of the bundle and a ∈ u(A) =
TU(A),
(Φδ ◦ Tµg)(a) =
n+1∑
j=1
p̂j−1pj(ag)p̂j−1pj
=
n+1∑
j=1
p̂j−1pj(a)p̂j−1pjg = (Tµg ◦ Φδ)(a).
Analogous properties hold in the case of Stiefel bundles.
For every j ∈ {1, . . . , n}, define VU (pj ,A) := {upj | u ∈ U(A)} ⊆ V(pj ,A).
Then one has the Stiefel bundle σj : V(pj ,A)→ Gr(pj ,A) with its unitary reduction
σUj : V
U (pj ,A)→ Gr(pj ,A) defined by
VU (pj ,A) := {upj | u ∈ U(A)} ⊆ V(pj ,A)
and σUj := σj |VU (pj ,A). (See for instance [KN63, Ch. II] for reduction theory of
finite-dimensional principal bundles.)
Let now δ = (p1, . . . , pn) ∈ Pn(A) with pj ∈ P⊥(A) for j = 1, . . . , n. We
define VU (δ,A) := {(up1, . . . , upn) | u ∈ U(A)} ≃ VU (pn,A), so that there is the
diffeomorphism VU (δ,A) ≃ U(A)/(A×δ ∩ U(A)) = U(A)/({u ∈ U(A) | upn = pn}).
On the level of tangent spaces,
TVU (δ,A) = u(A)/{a ∈ u(A) | apn = 0} ≃ u(A)pn.
Set GU (δ) := DU (δ)/{upn = pn} ≃ DU (δ)pn, which is a subgroup of G(δ). As in
Lemma 3.5, the group GU (δ) acts freely, on the right, on the manifold VU (δ,A) and
that action is smooth. Moreover, and similarly to Proposition 3.7, the manifolds
Fl(δ) and VU (δ,A)/GU (δ) are diffeomorphic. We call unitary Stiefel bundle the
projection map
σU : VU (δ,A)→ VU (δ,A)/GU (δ) ≃ Fl(δ).
Proposition 3.12. The unitary Stiefel bundle is a GU (δ)-principal bundle under
the right-action
VU (δ,A)× GU (δ)→ VU (δ,A), (upn, apn) 7→ uapn,
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admitting a principal connection ΦUδ given by
ΦUδ : u(A)pn → D
u(δ)pn, apn 7→ Φδ(a)pn.
Proof. Like formerly for Φδ|u(A), we have that Φ
U
δ is G
U (δ)-equivariant from u(A)pn
to Du(δ)pn. Also, the fact that Φ
U
δ is the restriction of the map Φδ, which indeed
is defined on all of A, and the properties of Φδ allow us to get suitable sections
showing that the projection σU has local trivializations compatible with the action
of GU (δ). 
Naturally, the connection ΦUδ given in Proposition 3.12 can be translated in
terms of its equivalent notions as done in Theorem 2.5, as a connection form in
particular. On the other hand, the connection ΦUδ induces linear connections on
the vector bundles associated with σU via ∗-representations of DU (δ)pn. Next, we
consider the case of the tautological vector bundles.
Let δ ∈ Pn(A) with pj ∈ P⊥(A) for j = 1, . . . , n. Put
Tδ(A) := {((up1A, . . . , upnA), (up1x1, . . . , upnxn)) | u ∈ U(A), x ∈ A}
and define the tautological bundle Πδ : Tδ(A)→ Fl(δ) by
Πδ :
(
(upjA)
n
j=1, (upjxj)
n
j=1
)
7→ (upjA)
n
j=1 ≡ (upju
−1)nj=1.
On the other hand, under the representation defined by the natural juxtaposition
action DU (δ)pn × (p1A× . . . pnA) one obtains the vector bundle
ΠUσ(δ) : V
U (δ,A)×DU (δ)pn (p1A× . . . pnA)→ Fl(δ)
given by the asignment (upn, (p1x1, . . . , pnxn)) 7→ (up1A, . . . , upnA).
Let ΘV : VU (δ,A)×DU (δ)pn (p1A× . . . pnA)→ Tδ(A) denote the map
(upn, (p1x1, . . . , pnxn)) 7→ ((up1A, . . . , upnA), (up1x1, . . . , upnxn)).
It is readily seen that the pair (ΘV , idFl(δ)) is a vector bundle diffeomorphism from
ΠUσ(δ) onto Πδ.
Then, in accordance with what was recalled in the subsection 2.4, the connection
induced by ΦUδ on Π
U
σ(δ) = Πδ is the map
Φ˜δ : u(A)pn ×DU (δ)pn TΠ
n
j=1pjA → u(A)pn ×DU (δ)pn TΠ
n
j=1pjA
given by
Φ˜δ([(apn, (pjxj)
n
j=1, (pjyj)
n
j=1)]) = [(Φδ(a)pn, (pjxj)
n
j=1, (pjyj)
n
j=1)]
for every a ∈ u(A) and xj , yj ∈ A.
From the above, one can obtain the other notions equivalent to the connection
Φ˜δ on the tautological bundle on Fl(δ), such as the connector map, and also the
covariant derivative associated to it.
Remark 3.13. Differential properties of sets of idempotents have been studied in
several papers, for instance in the classical reference [CPR90], where in particular a
principal connection is constructed on a certain principal bundle. In this remark we
point out the relationship between such a connection and the principal connections
discussed earlier in the present section.
For any integer n ≥ 1 let us define
Qn := {(q1, . . . , qn) ∈ A
n | qjqk = δjkqj for 1 ≤ j, k ≤ n and q1 + · · ·+ qn = 1}
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where δjk = 1 if j = k and δjk = 0 otherwise. The set Qn is a closed submanifold
of An by [CPR90, Th. 1.7]. The Banach-Lie group A× acts on that manifold by
A× ×Qn → Qn, (g, (q1, . . . , qn)) 7→ (gq1g
−1, . . . , gqng
−1)
and for every q = (q1, . . . , qn) ∈ Qn we denote its orbit by Vq . It follows by [CPR90,
Th. 2.1] that every orbit Vq is a closed and open subset of Qn, and the orbit map
of the above action, πq : A× → Vq, g 7→ (gq1g−1, . . . , gqng−1), is a principal bundle
with its structural group (A×)q := {g ∈ A× | gqj = qjg for j = 1, . . . , n}. A natural
principal connection on that principal bundle was constructed in [CPR90, Sect. 4],
its corresponding connection 1-form at 1 ∈ A× being given by the idempotent linear
map
θ : A → A, θ(a) =
n∑
j=1
qjaqj
(see particularly [CPR90, Rem. 4.11]).
There exists for every n ≥ 0 a bijection α between Qn+1 and Pn(A) given by
α(q)k :=
∑k
j=1 qj ∈ Pn(A), k = 1, . . . , n, for every q = (q1, . . . , qn+1) ∈ Qn+1
with inverse α−1(δ)j := pj − pj−1 ∈ Qn+1, j = 1, . . . , n + 1 (with pn+1 = 1),
for every δ = (p1, . . . , pn). Since the mappings α and its inverse α
−1 are smooth
(holomorphic, indeed) on An+1 and An respectively, one has that Pn(A) is also
a closed submanifold of An, diffeomorphic to Qn+1. The diffeomorphism α in-
duces by restriction the corresponding diffeomorphism between Vq and O(δ) where
O(δ) := {(gp1g−1, . . . , gpng−1) ∈ An | g ∈ A−1}, q = (q1, . . . , qn+1) ∈ Qn+1
and δ = (p1, . . . , pn) := α(q). In this way, the mapping πδ : A× → O(δ), g 7→
(gp1g
−1, . . . , gpng
−1) is a principal bundle with structure group D(δ) = (A×)q
since for any g ∈ A× one has gqj = qjg (j = 1, . . . , n+ 1) if and only if gpk = pkg
(k = 1, . . . , n). Obviously, the bundles πδ and πq are isomorphic, and we have that
the diagonal truncation Φδ : A → D(δ) defined in subsection 3.1 is the connection
1-form at 1 ∈ A×, for the principal bundle A× → Pn(A), which corresponds to θ
under the above isomorphism.
A significant difference between the paper [CPR90] and the present paper (apart
from the introduction here of the Stiefel bundle on flags) is that we deal with
generalized Grassmannians on An, that is, with equivalence classes of n-uples of
idempotents rather than n-uples of idempotents. Thus for the principal bundle
A× → Fl([δ]) the structure group is ∆(δ)× insteadD(δ)× and Φδ is not a connection
in this case. However, in the unitary case U(A) ∩ ∆(δ)× = U(A) ∩ D(δ)×, as
we have seen before, and then the map Φδ|u(A) discussed in the paragraph after
Remark 3.11 defines a principal connection on the principal bundle U(A)→ Fl(δ),
when δ = (p1, . . . , pn) such that pj = p
∗
j (j = 1, . . . , n).
More precisely, fix q0 = (q01 , . . . , q
0
n+1) ∈ Qn with q
0
j = (q
0
j )
∗ for j = 1, . . . , n+1,
and take δ0 := α(q0). Put Vq0,⊥ := Vq0 ∩ {(q1, . . . , qn+1) ∈ Qn+1 | qj = q
∗
j for j =
1, . . . , n + 1}. One has the following commutative diagram
U(A)
1U(A)
−−−−→ U(A) −−−−→ A× = A×y y ypiq0≃piδ0
Fl(δ0)
α−1
−−−−→ Vq0,⊥
ι
−−−−→ Vq0 ≃ O(δ
0)
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where ι is the inclusion map, while the upper horizontal arrow from the above
diagram is the inclusion map U(A) →֒ A×, and the left vertical arrow in that
diagram is the principal bundle u 7→ (up1u−1, . . . , upn−1u−1) with structural group
∆(δ) ∩ U(A) as in equation (3.4). It is easily seen that the map ι ◦ α−1 is an
embedding of Fl(δ0) as a submanifold of Vq0 , and via the identification Fl(δ
0) ≃
(ι ◦ α−1)(Fl(δ0)).
The above commutative diagram gives a morphism of principal bundles as in the
paragraph prior to [KN63, Ch. I, Prop. 5.3], and the principal bundle U(A) →
Fl(δ0) is a reduced bundle of the restriction of the principal bundle πq0 to the
submanifold Fl(δ0) ≃ (ι ◦ α−1)(Fl(δ0)) →֒ Vq0 . Equivalently, U(A) → Fl(δ
0) is a
reduced bundle of the pullback principal bundle (ι◦α−1)∗(πq0). In this context, the
reduction of the principal connection on ι∗(πq0 ) defined by the above idempotent
map θ is the connection defined by the map Φδ|u(A) discussed in the paragraph
after Remark 3.11.
Remark 3.14. The structure on the principal bundle V(δ,A) → FlA([δ]) associ-
ated to the projection map Eδ : A → ∆(δ) and its restriction E˜δ : u(A)pn → ∆(δ)pn
(see (3.4) and above subsection 3.3), show up simultaneously with the reductive
structure on the unitary principal bundle VU (δ,A) → Fl(δ) associated with the
principal connection ΦUδ : u(A)pn → D
u(δ)pn (see Proposition 3.12). The simul-
taneous occurrence of the aforementioned structures suggests to investigate the
relationship between almost holomorphic structures on the Stiefel bundle and hor-
izontal distributions (connections) on the unitary Stiefel bundle. This topic will be
considered in a forthcoming paper.
Remark 3.15. To complete the present discussion, let us point out some facts
about frame bundles in the present setting.
For δ = (p1, . . . , pn) as before, and k = 1, . . . , n one has the A×-equivariant
submersion
prk : Fl(δ)→ Gr(pk,A), [(gp1g
−1, . . . , gpng
−1)] 7→ [gpkg
−1],
which is just the k-th component of the natural A×-equivariant inclusion
Fl(δ) →֒ Gr(p1,A)× · · · ×Gr(pn,A).
Let σk : V(pk,A) → Gr(pk,A) denote the Stiefel bundle with its unitary reduc-
tion σUk : V
U (pk,A)→ Gr(pk,A). The pullback bundle
pr∗k(σ
U
k ) : pr
∗
k(V
U (pk,A))→ Fl(δ),
is a principal bundle whose structure group is U(p̂kAp̂k) just like the structure
group of σUk . The principal bundle can be regarded as the k-th partial frame bundle
on the flag manifold Fl(δ), because it consists of frames that take into account the
mutual positions only of the terms p1, . . . , pk of the flag δ.
It is easily seen that the bundle σUk is U(A)-equivariantly isomorphic to the
natural principal bundle
U(A)/U(p̂kAp̂k)→ U(A)/(U(pkApk)× U(p̂kAp̂k))
defined by the canonical embedding U(p̂kAp̂k) →֒ U(pkApk)×U(p̂kAp̂k). Hence σUk
has a canonical principal connection Φk that is both left U(A)-invariant and right
U(p̂kAp̂k)-invariant, just as in the finite-dimensional situation studied in [NR61,
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Prop. 1] and [NR63]. Furthermore, this principal connection induces linear con-
nections and their corresponding covariant derivatives on all vector bundles asso-
ciated with σUk by the construction of subsection 2.4 (see also [BG14, Th. 2.2]).
These associated vector bundles can be constructed from ∗-representations of A.
And finally, the vector bundles associated with σUk can be pulled back to Fl(δ)
via prk, just as in the above construction of partial frame bundles, and the linear
connections are transferred by that pullback operation using Proposition 2.8.
In the special case when A is a W ∗-algebra, Hermitian vector bundles on flag
manifolds constructed in the above way occur in certain problems of noncommu-
tative spectral theory, as shown in [Be02, Sect. 3]. Therefore we expect that the
differential geometric methods developed in the present paper and in particular the
infinitesimal symmetries of Grassmann and flag manifolds associated to Banach
algebras might have applications in the spectral theory of operator Lie algebras,
besides the applications to reproducing kernels on vector bundles that are suggested
by [BG14], [BG15], and [BG16].
Acknowledgment. We wish to thank the Referee for carefully reading our man-
uscript and for the suggestion that we should clarify the relation between the prin-
cipal connection from Proposition 3.12 and the principal connection constructed in
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